We construct a new class of coherent states labeled by points z of the complex plane and depending on three numbers (γ, ν) and ε > 0 by replacing the coefficients z n / √ n! of the canonical coherent states by Laguerre polynomials. These states are superpositions of eigenstates of the symmetric Pöschl-Teller oscillator and they solve the identity of the states Hilbert space at the limit ε → 0 + . Their wavefunctions are obtained in a closed form for a special case of parameters (γ, ν). We discuss their associated coherent states transform which leads to an integral representation of Hankel type for Laguerre functions.
Introduction
The recent works on quantum dots wells in nanophysics [1] [2] strongly motivate the construction of quantum states for infinite wells with localization properties comparable to those of Schrödinger states. Infinite wells are often modeled by a family of Pöschl-Teller (PT) potentials [3] . The symmetric Pöschl-Teller (SPT) potentials are a subclass of PT potentials, which are widely used in molecular and solid state physics. Many other potentials can be obtained from PT potentials by appropriate limiting procedure and point canonical transformations.
There is an extensive literature in which many characteristic properties of the PT potential were examined at classical mechanics as well as at quantum mechanics levels. Another interesting aspect of this potential lies in the fact that it has a quadratic spectrum leading to a rich revival structure for its coherent states, which makes possible the formation of Schrödinger cat and cat-like states. Different types of coherent states for quantum mechanical systems evolving in the PT potential have been discussed by many authors from different perspectives [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] .
In this paper, we construct a class of coherent states for the SPT potential called epsilon coherent states (ε-CS), labeled by points z of the complex plane and depending on three numbers (γ, ν) and ε > 0. Precisely, an ε-CS belongs to the states Hilbert space H := L 2 ([0, π]) of the Hamiltonian with the SPT potential and is defined as a superposition of eigenstates of the Hamiltonian which is encoded by ν. In this superposition, the role of coefficients z n / √ n! of the canonical coherent states is played by coefficients with the form e in arg z L (γ−1) n (zz)/ σ γ,ε (n), where L (α) n (.) denotes the Laguerre polynomial and σ γ,ε (n) are constants given below in (4.2). These coefficients generalize, with respect to the parameter ε, those that have been used to construct a class of coherent states for the isotonic oscillator [14] .
Here, the resolution of the identity of the states Hilbert space carrying these ε-CS is obtained at the limit ε → 0 + by exploiting a result on the Poisson kernel for Gegenbauer polynomials, which is due to Muckenhoopt and Stein [15] . The method we are using is similar to what the second author used in previous works [16] [17] and it makes possible to obtain a closed form for the constructed ε-CS when the parameters γ and ν are connected in a special way. Finally, we propose a suitable definition for the associated coherent states transform. The latter one suggests us an integral representation of Hankel type for Laguerre functions, which constitutes a result of independent interest. The paper is organized as follows. In section 2, we recall briefly some known facts on the Hamiltonian with the SPT potential. Section 3 is devoted to the coherent states formalism we will be using. This formalism is applied in section 4 so as to construct a class of coherent states in the states Hilbert space of the Hamiltonian. In section 5, we give a closed form for these states. In section 6, we propose a definition for the associated coherent states transform which leads to an integral representation for Laguerre functions.
The symmetric Pöschl-Teller oscillator
The problem of finding the energy spectrum and the wavefunctions of a particle confined inside the infinite square well and submitted to a barrier of infinite potential at both frontiers has commonly been one of the most illustrative problems of quantum mechanics. This problem is generalized to a situation in which the confining potential is given by a family of continuously indexed potentials of the Pöschl-Teller type [3] . Precisely, one considers the motion of a particle of mass m * living in the interval [0, L] and evolving under the PT potential:
where η, δ > 0, E 0 :=h 2 π 2 (2m * L 2 ) −1 is a coupling constant andh being the Planck's constant. The SPT potential corresponds to the case η = δ. For our purpose, we set η = δ = ν + 1 with ν > −1. Thus, the potential in (2.1) reduces to
To this potential corresponds the Hamiltonian operator or Pöschl-Teller oscillator
Its eigenvalues are quadratic with the form 4) and the normalized eigenstates obeying the Dirichlet boundary conditions are given by
where C ν+1 n (.) are Gegenbauer polynomials [18] . For the sake of simplicity, we choose the units h = 2m * = 1 and L = π so that we will be dealing with eigenvalues E n := (n + ν + 1) 2 , n = 0, 1, 2, · · · , together with the eigenstates 
Using (2.7) one can recover the eigenstates of the Hamiltonian with the infinite square well potential as
for every n = 0, 1, 2, · · · .
The epsilon coherent states
In this section, we will review a generalization of canonical coherent states by considering a kind of the identity resolution that we obtain at the zero limit with respect to a parameter ε > 0. These states will be called epsilon coherent states and denoted ε-CS for brevity. Their formalism was introduced in [16] [17] where new families of coherent states attached to the pseudo-harmonic oscillator were constructed. 
where N ε (z) is a normalization factor and σ ε (n); n = 0, 1, 2, · · · , a sequence of positive numbers depending on ε > 0. The vectors {|z, ε , z ∈ D} are said to form a set of epsilon coherent states if : (i) for each fixed z ∈ D and ε > 0, the state in (3.1) is normalized, that is z, ε|z, ε H = 1, (ii) the following resolution of the identity operator on H
is satisfied with an appropriately chosen measure dµ ε .
In the above definition, the Dirac's bra-ket notation |z, ε z, ε| means the rank-one-operator ϕ → |z, ε z, ε|ϕ H , ϕ ∈ H. Also, the limit in (3.2) is to be understood as follows. Define the operator 
where {|ϕ n } is an orthonormal basis in L 2 (R), which consists of eigenstates of the harmonic oscillator, given by ϕ n (y) = (
y 2 H n (y) in terms of the Hermite polynomial [18] .
Epsilon CS with Laguerre coefficients for the SPT potential
We now construct a class of ε-CS indexed by points z ∈ C and depending on three numbers (γ, ν) and ε by replacing the coefficients z n / √ n! of the canonical coherent states by Laguerre polynomials as mentioned in the introduction. Definition 4.1. Define a set of states labeled by points z ∈ C and depending on three numbers (γ, ν) and ε > 0 by the following superposition
where N γ,ε (z) is a normalization factor such that z; (γ, ν); ε|z; (γ, ν); ε = 1, the coefficients σ γ,ε (n) are a sequence of positive numbers given by
We shall give the main properties on these states in the following.
Proposition 4.1. Let γ, ε > 0 and ν > −1 be fixed parameters. Then, for every z and w in C, the overlap relation between two ε-CS is given through the scalar product
where N γ,ε (.) is the normalization factor in (4.1) and I γ−1 (.) is the modified Bessel function of first kind and of order γ − 1.
Proof. Using the orthonormality relations of the basis elements (2.6), the scalar product in H between two ε-CS can be written as
where
Next, we make use of the Hille-Hardy formula ( [20] , p.135):
for the parameters α = γ − 1, ξ = zz, ζ = ww and u = te i(arg z−arg w) . Therefore, (4.7) reads
|zw| 2 e i(arg z−arg w) 
In particular, when ε → 0 + , this factor reduces to
where I ν (.) and K ν (.) are modified Bessel functions of first and second kind respectively.
Proof. Putting z = w in (4.3) and using the condition z; (γ, ν); ε|z; (γ, ν); ε = 1, we obtain the normalization factor in (4.9). When ε → 0 + , this factor becomes
Changing the variable by √ t = tanh ρ transforms (4.11) as follows
Next, recalling the relation between Bessel functions ( [21] , p.77): 
We now apply the formula ( [22] , p.363): 17) in the case of parameters ζ = −zz, ξ = zz and λ = γ − 1. Finally, by using the well known property I µ (−ζ) = e iπµ I µ (ζ) we arrive at the normalization factor in (4.10).
Remark 4.1. As mentioned above, when ε → 0 + , the coefficients (σ γ,0 + (n)) −1/2 e in arg z L (γ−1) n (zz) turn out to be those used by the authors [14] in their construction of a set of coherent states for the isotonic oscillator H A := −∂ 2 x + x 2 + A/x 2 , A ≥ 0. The normalization factor in (4.10) is the same as in ( [14] , p.4) where it was referred to a proof in [24] based on the construction of the Green's function for H A .
Proposition 4.2.
Let γ > 0. Then, the ε-CS in (4.1) satisfy the following resolution of the identity 19) N γ,ε (z) being the normalization factor in (4.9) and dµ(z) is the Lebesgue measure on C.
Proof. Let us assume that the measure takes the form 20) where Ω(zz) is an auxiliary density function to be determined. In terms of polar coordinates z = ρe iθ , Eq.(4.20) reads
, dx) and let us start by writing the following action:
Now, we need to determine Ω(r) such that
where (γ) n := Γ(γ + n)/Γ(γ) is the shifted factorial. To do that, we make appeal to the integral ( [25] , p.1133):
with conditions (σ) > −1. In the case of parameters y = r, α = β = σ − 1 and k = m = n, this integral reduces to
For the parameter α = γ − 1, (4.28) reads 
n (cos y) h(y)dm (ν+1) (y), (4.36) where 
Therefore, by applying a result due to Muchenhoopt and Stein ( [15] , Theorem.2, (c), p = 2), the right hand side of (4.39) can be denoted by h(e −ε , x), and leads to the fact 
This completes the proof.
A closed form for the ε-CS
We now assume that the parameter γ occurring Definition.4.1 is of the form γ = 2(ν + 1) where ν is the parameter encoding the SPT potential V ν (x) in (2.2).
Proposition 5.1. Let γ = 2(ν + 1) with ν > 0 and ε > 0 be fixed parameters. Then, the wavefunctions of the ε-CS in (4.1) can be written in a closed form as
Proof. We start by the expression of the wavefunction
To get a closed form of the series
we replace x|φ ν n by its expression in (2.6) and we use the Legendre's duplication formula ( [28] , p.5):
We introduce the variable τ := e −(iθ+ε/2) and we rewrite (5.5) as follows
We now make use of generating relation ( [29] , p.56):
(5.8) for the parameters η = ν + 1, v = τ, w = zz and u = cos x. This gives
Next, we apply the formula ( [30] , p.56): izze −(iθ+ε/2) sin x. Therefore, Eq.(5.9) becomes
We arrive at 12) which gives the expression (5.1).
Corollary 5.1. The wavefunctions of the ε-CS for the infinite square well potential are of the form
for every x ∈ [0, π], where θ = arg z.
Proof. As mentioned in Remark 2.1., when ν → 0 + the SPT potential becomes the infinite square well potential with eigenfunctions φ 0 n,π (x) that one obtains by putting L = π in (2.8). So that the result is deduced by setting ν = 0 in the expression (5.1). This yields
By applying the well known identity I p (ξ) = i −p J 1/2 (ξ) for p = 1/2 and by using the relations J 1/2 (ξ) = √ 2(πξ) −1/2 sin ξ see ( [20] , p.88), we deduce 14) and obtain the result.
An integral representation for Laguerre functions
Naturally, once we have obtained a closed form for the ε-CS we can look for the associated coherent state transform. In view of (4.1), this transform should map the space L 2 ([0, π], dx) spanned by eigenstates {φ ν n } in (2.6) onto a subspace of the space of complex-valued square integrable functions with respect to the measure
where dµ(z) is the Lebesgue measure on C. Recalling that the resolution of the identity, which usually ensures the isometry property of such map, was obtained at the limit ε → 0 + in (4.18), then a convenient definition for such a transform could be as follows.
Definition 5.1. Let ν > 0 be a fixed parameter. The coherent state transform associated with the ε-CS in
for every z ∈ C.
In particular, according to (6.2) , the image of the basis vector {φ ν n } under the transform W ν should exactly be the coefficient:
This connection, suggests us the following result on the Laguerre function 
holds true.
Proof. We multiply the Laguerre function by t n and we use the generating function for the Laguerre polynomials ( [20] , p.84): and then, comparing coefficients of identical power of t, we obtain the result (6.4).
